The Mueller scattering matrix elements (Sfj) and the cross sections for the scattering of an electromagnetic plane wave from two infinitely long, parallel, circular cylinders at oblique incidence are derived. Each cylinder can be of arbitrary materials (any refractive index). The incident wave can be in any polarization state. To find the scattering coefficients needed for calculating Sij and the cross sections, the multiple scatterings are taken into account for all orders. The formal solutions of the scalar wave equation are obtained for the three regions concerned (the region outside the two cylinders and the region inside each cylinder), and the scattering coefficients are found by satisfying the boundary conditions. The scattering coefficients for some special cases (normal incidence, small radii, perfectly conducting cylinders, and a single cylinder) are given and discussed. The results for these special cases are compared (numerically or analytically) with those obtained in other published works. To our knowledge, this is the first comprehensive study of the two-cylinder problem. Applications of this formalism, including calculations of Sij and the cross sections, will be presented in part II of this series [J. Opt. Soc. Am. A 5,1097Am. A 5, (1988].
INTRODUCTION
The scattering of electromagnetic waves from objects has attracted the attention of many scientists. Lord Rayleigh' was the first to obtain the solution to the problem of the scattering of a plane wave from an infinitely long, dielectric cylinder at normal incidence by using the original formalism of Maxwell. Other problems have since been solved by using somewhat different formalisms. The scattering of electromagnetic plane waves from an infinitely long, dielectric cylinder at oblique incidence was determined by Wait, 3 who obtained the scattering coefficients by solving the scalar wave equation in the regions inside and outside the cylinder. The boundary conditions were then applied on the surface of the cylinder. In the case of normal incidence, the two polarization modes, the TE and the TM modes (see Section 2 for definitions), are uncoupled. However, in the case of oblique incidence the two modes are coupled.
The problem of determining the scattering of electromagnetic waves from two or more cylinders at normal incidence has been treated by many others. Twersky 4 obtained an approximate solution for many parallel, conducting cylinders at normal incidence by taking into account various orders of multiple scatterings. In another paper, Twersky5 applied this method to two conducting cylinders. Row 6 solved the scattering of cylindrical and plane waves by two parallel conducting cylinders at normal incidence using the Green's-function approach, When the proper boundary conditions were applied, an infinite set of integral equations was obtained, from which the scattered fields were found. Row also did experimental work in the microwave region by measuring the electric fields in the near-field region. To our knowledge, Row's results are the only experimental data published on this subject. Millar 7 used an approach similar to that used by Row: to find a solution for the scattering of an electromagnetic plane wave from an array of parallel, infinitely conducting cylinders of small radii.
Olaofe 8 derived expressions for the scattered fields from two infinitely long, identical, dielectric cylinders at normal incidence. He obtained his solution by solving the scalar wave equation and satisfying the boundary conditions. Others extended or modified Olaofe's solution to other similar problems. Krill and Farrell 9 used Olaofe's approach to find the solution of the scattered electromagnetic plane waves from two perfectly conducting, infinitely long halfcylinders lying upon a perfectly conducting sheet. Ragheb and Hamid' 0 derived the solution of the scattering of a plane wave from a number of infinitely long, identical, conducting cylinders.
The solution of the scattering of electromagnetic waves from two cylinders of arbitrary material and small radii at oblique incidence was obtained by Wait. 1 ' Wait solved the two infinitely long, parallel cylinders of different radii and materials at oblique incidence, i.e., the completely general case.
We believe that the solution presented in this paper will have applications in biology, chemistry, atmospheric science, and engineering.
In Section 2, the scattering coefficients are found by solving the scalar wave equation and applying the boundary conditions. In Section 3, the Mueller scattering matrix elements (Sij) are expressed in terms of the scattering coefficients. In Section 4, expressions for the scattering and the extinction cross sections are derived by using the Poynting vector. In Section 5 special cases are discussed. Finally, some discussion of the results is made in Section 6.
FORMALISM
The purpose of this section is to find the amplitude scattering coefficients of two parallel cylinders that are due to a plane-wave excitation. Consider two parallel, infinitely long, circular cylinders Cl and C 2 . The radius of each is aj (j = 1, 2). The permittivity, conductivity, and permeability of each cylinder are ej, aj, and sj, respectively, while those of the surrounding medium are We define the TM and TE polarizations (modes) of the incident wave as follows: (a) The case in which the incident electric field is parallel to the incident plane, i.e., the plane that contains the z axis and the direction of propagation of the incident wave, is referred to as TM polarization. The case in which the incident electric field is perpendicular to the incident plane is referred to as TE polarization.
Any incident wave (a circularly polarized one, for example) can be described as a superposition of these two polarizations, and we treat them separately.
A. Incident TM Waves
If we assume that eilt represents the time dependence, the z component of the incident electric field (E'C) in each of the two coordinate systems is given by
Here and in subsequent formulas, j = 1, 2, referring to each of the two cylinders. Jm is a Bessel function of the first kind. The incident wave is chosen to have a phase of zero at the center of cylinder 1, so that 6 = hod cos 00 sin 00 is the phase of the incident wave at the center of cylinder 2. (The location of the incident wave phase is, of course, arbitrary. Alternatively, the phase can be chosen to be zero at the center of cylinder 2 or at any other point in space.) Xo and ho are given by Xo = ko sin 00,
Since the cylinders are infinitely long, the electric field 
The z component of the scattered electric field from cylinder j can therefore be written as
where a(Oi are referred to as the TM scattering coefficients of cylinder j. The index o of these coefficients refers to the outside field. H 2) is the Hankel function of the second kind.
The Hankel function of the second kind is required because it represents an outgoing cylindrical wave at infinity, consistent with the use of a time dependence of ei"t. Similarly, the z component of the electric field inside cylinder j can be written as
where alU are the TM internal (index i) coefficients of cylinder j. Xj and kj are given by Xi = (k2 -ko 2COS2 00)1/2,
2= -i4jw(uj + iEw).
In the case of normal incidence, the scattered field and the internal field do not contain cross-polarized components.
H. A. Yousif and S. K6hler (2.6) In other words, the modes of the internal field and of the scattered field are the same as the mode of the incident field.
For oblique incidence, the scattered wave and the internal wave are a superposition of the TE and the TM modes, regardless of the incident wave mode. Therefore the z component of the scattered magnetic field from cylinder j can be written as 
. (2.11) In order for the boundary conditions to be applied, the electric field and the magnetic field outside cylinder j must be expressed in terms of the coordinates of cylinder j. This means that the scattered field from cylinder h must be trans- where
It should be noted that the total electric field in Eq. (2.12) or the total magnetic field in Eq. (2.14) can be expressed in terms of the coordinates of cylinder 1 (j = 1, k = 2) or cylinder 2 (j = 2, k = 1). The two expressions can be shown to be equivalent. However, in the stage of applying the boundary conditions, both expressions are needed, as is shown at the end of this section.
All the incoming and outgoing fields of both cylinders are contained in our formalism; i.e., all orders of multiple scattering are included.
To apply the boundary conditions, expressions for E0, and Ha, (inside and outside each cylinder) must be found in terms of E, and H,. The 0 component of the total outside electric field in the coordinate system of cylinder j is found by substituting Eqs. (2.12) and (2.14) (2.18) where a prime indicates the derivative with respect to the argument. In a similar manner, the 0 component of the electric field inside cylinder j is found by substituting Eqs. (2.7) and (2.8) into Eq. (2.16), with k = kj, a, = acj, e = ej, and p = pj:
By using Eq. (2.17), we obtain the cp components of the magnetic field outside and inside cylinder j:
OmMO nXj-
X exp(ikoz cos 00), (2.20)
Application of the boundary conditions (the tangential components of E and H are continuous) at pj = aj(j = 1, 2), 
It is clear from Eqs. (2.23) and (2.24) that the scattering coefficients of each cylinder are modified by the presence of the other cylinder. We may write these two equations as the independent scattering coefficients of one cylinder plus a correction term to account for multiple scatterings.
B. Incident TE Waves
The scattering coefficients for incident TE waves are obtained from the symmetry as we discuss here. Maxwell's equations are symmetric in the components of the electric and magnetic fields by the replacements
Accordingly, the magnetic and electric scattering coeffi- (i, c(i) , and do (j -1, 2). The solution applies in the near-field region as well as in the far-field region and for any separation.
The scattering coefficients for both cases (TE and TM) are functions of the radii, the refractive indices, the separation between the two cylinders, and the angles 0 0 and 00.
FAR-FIELD APPROXIMATION AND Sjj
The purpose of this section is to find the Mueller scattering matrix elements Sij in the far-field region.
We begin the sequence of developing the analysis by finding expressions for the scattered electric fields parallel and perpendicular to the scattering plane (the plane containing the z axis and the direction of propagation of the scattered field) in the far-field region. From these expressions, we construct the amplitude scattering matrix, and, finally, we find the Mueller scattering matrix from the amplitude matrix by using the Stokes vectors.
One way to measure the scattered field is to move a detector in a circle around the scatterer. The center of this circle is, in our case, conveniently chosen to be at the center of cylinder 1. The plane of this circle is often called the plane of measurement. If the scatterer is two cylinders, then the plane of measurement may be chosen to be perpendicular to the z axis (the axis of each cylinder). In the following discussion this plane is chosen. Therefore the scattering plane is perpendicular to the plane of measurement. In the limit that the radius of the circle mentioned above is large, the following points are true:
(1) The observed scattered field on the circumference of the circle (or at any distance far away from the center of the circle) at any direction is the algebraic sum of the scattered fields from cylinders 1 and 2 along that direction. For example, the p component of the total scattered field at a large distance is the algebraic sum of the p component of the scattered field from cylinder 1 and the p component of the scattered field from cylinder 2. This is not true (except for the z component) at finite distances from the center of the circle because the unit vector associated with any component of the scattered field from cylinder 1 has a different direction from that scattered from cylinder 2.
(2) It is permissible to replace the Hankel and Bessel functions with their limiting asymptotic expressions. The calculation of the fields at large distances from the scatterers (the scattering region) is often referred to as the far-field approximation.
Since we want to find expressions for the scattered electric fields in the far-field region, the two orthogonal polarizations considered in Section 2 are considered separately here as well.
A. Incident TM Waves
The Mueller matrix Sij is defined in terms of the amplitude scattering matrix in the far-field region. The latter matrix is defined in terms of the components of the field that are perpendicular and parallel to the scattering plane. The scattered electric field is expressed in terms of the three cylindrical components EP, Eq, and E,. The components Ep and E, are parallel to the scattering plane, while E, is perpendicular to the scattering plane.
In the far-field region, the Hankel function of the second kind may be replaced by its asymptotic value
The z component of the scattered electric field from cylinder j in this region is found by substituting Eq. (3.1) into Eq.
(2.4):
where G = (2/7r+op)"/2 exp(i7r/4)exp(-iX\p)exp(ikaz cos 00).
Similarly, the z component of the scattered magnetic field from cylinder j is found by substituting Eq. (3.1) into Eq.
(2.7): The 0 component of the scattered electric field from cylinder j is found by substituting Eq. (3.3) into relation (3.4), and we obtain
In the far-field region, c = cl = 02, and P2 = pi -d cos cP. Therefore the 0 component of the total scattered electric field, E , ,
The factor exp(iXod cos A) in Eq. (3.6) accounts for the phase difference between the scattered waves from the two cylinders. Similarly, the z component of the total scattered electric field (the sum of the z components of the scattered electric fields from cylinders 1 and 2) in the far-field region is
The p component of the scattered electric field is given by cos 00 E The total scattered electric field in the far-field region is (3.10) with epar = sin 0 0a, + cos 00ep and 4per = 4. We then get
where
Two elements of the amplitude scattering matrix are given by Eqs. (3.11) and (3.12). To find the other two elements, the following polarization must be considered.
B. Incident TE Waves
From the symmetry of the problem, the scattered electric fields parallel and perpendicular to the scattering plane can be found from Eqs. 
It is seen from Eq. (3.15) that the scattered electric field from the two cylinders is a superposition of both the TM and the TE modes even though the mode of the incident field is either TM (Ek = 0, Einc = 1) or TE (Einc = 1, E 0inc = ). The two cylinders change the polarization state of the incident field.
In order to find the Mueller matrix, we must first define the Stokes vectors for the incident and scattered fields. Therefore we discuss them briefly.
The Stokes parameters are a set of four quantities (written as a column matrix) that describes the polarization state of the radiation. Following the nomenclature of Walker,' 2 we denote them by I, Q, U, and V, and they are related to the where Epar and Eper are the electric fields parallel and perpendicular to the incident plane or to the scattering plane if the Stokes parameters of the incident field or the scattered field, respectively, are to be found. The angle brackets ( ) signify the time average. I represents the total intensity, while Q, U, and V together represent the polarization state. The Stokes parameters are related by the following inequal- where Re and Im represent the real and imaginary parts, respectively, of the quantities of interest.
A comprehensive discussion of the Mueller matrix and the
Stokes vectors and their physical meanings can be found in
Ref. 13 . An excellent description of the experimental procedures to determine them was given by Bickel and Bailey. 14 We also point out that the 16 elements of the Mueller matrix are not independent. There are nine independent relationships among these elements. 
CROSS SECTIONS IN THE FAR-FIELD REGION
In this section, expressions for the total scattering and extinction cross sections per unit length are obtained for the two polarizations of the incident wave (the TM and TE polarizations considered in Section 2).
We express the scattering cross sections in terms of the scattering coefficients and the extinction cross section in terms of the forward-scattering amplitude.
We begin by finding the rate at which energy is extracted from the incident beam because of scattering. The scattering cross section can then be found. In a similar manner the rate at which energy is extracted from the incident beam because of absorption is calculated. The extinction cross section can then also be found.
The scattered or absorbed energy per unit time will be found from the real part of the Poynting vector.
In the discussion in Subsection 4.A we refer to the two cylinders as the scatterer. Since the scatterer is of an infinite length, the cross section per unit length is the quantity of physical interest.
A. Scattering Cross Section Per Unit Length
The scattering cross section per unit length is the total power scattered in all directions by a length (1) of the scatterer when the irradiance of the incident beam is assumed to be unity. Therefore the scattering cross section per unit length (Csca) may be written as
where Psca is the scattered power in watts, I is the length of the scatterer in meters, and Ii is the irradiance of the incident plane waves in watts per meter. It is clear from Eq. (4.1) that the SI units of the scattering cross section per unit length are meters. The total scattered power can be found by integrating the radial component of the scattered Poynting vector (Sp) over a large surface that encloses the scatterer. It is natural for this problem to choose a cylindrical surface of length 1 and radius p. The advantage of choosing such a surface is that the radial component of the Poynting vector is perpendicular to it. Therefore Eq. (4.1) can be written as
where dA is the differential element of the cylindrical surface.
The Poynting vector is related to the electric field (E) and the magnetic field (H) by
where H* is the complex conjugate of the magnetic field (H). The total scattered power may be found by integrating Eq. and iq is the impedance of the medium outside the cylinders. TMI and TMII refer to the scattered TM and TE polarizations, respectively. In Eq. (4.2), Ii = 1/2X is the irradiance of the incident wave. This last result is a consequence of our original assumption that the amplitude of the incident wave for the TM polarization case is 1.
The cross section per unit length for the incident TE polarization may be found from that of the TM polarization. If a~i) and a (2) TEI and TEII refer to the scattered TE and TM polarizations, respectively.
The irradiance (Ii) of the incident wave is now equal to q/2 because of our original assumption that the amplitude of the incident magnetic field is 1.
B. Extinction Cross Section per Unit Length
If the scatterer has a finite conductivity, some of the incident energy is absorbed. The absorbed energy is converted into other forms, such as heat. The absorbed power (Pabs) is related to the incident irradiance (Ii) by where Qabs is the absorption cross section. Since scattering and absorption remove energy from the incident field, the incident wave is attenuated. The extinction cross section is designed to account for the attenuation of the incident waves. Therefore we may define this cross section as the power removed from the incident radiation by (4.11) scattering and absorption (Pext) when the irradiance of the incident field is assumed to be unity, i.e., where Qext is the extinction cross section. The extinction cross section is the sum of the absorption cross section and the scattering cross section: The above statement is another way of stating that energy is conserved.
To find the extinction cross section, we must find the total energy per unit time that is removed from the incident beam (Sext) depends on the polarization state of the incident wave; therefore we must find the extinction cross sections for the two independent polarizations (the TM and TE polarizations).
TM Polarization
Since the incident magnetic field has no component along the z axis, i.e., ZITc = 0, Eq. (4.19) reduces to Equations (4.26) and (4.27) also result from the well-known optical theorem.
SPECIAL CASES AND LIMITING CASES
A. Perpendicular Incidence The case of perpendicular incidence corresponds to 00 = 7r/2.
The scattering of electromagnetic waves from two parallel cylinders at normal incidence becomes a two-dimensional problem (the fields do not vary in the z direction). The scattering coefficients reduce to (4.20) The power that is due to extinction may be found by integrating Eq. The cross modes reduce to zero; i.e., bo'l = b 2) -0. This result is similar to that for a single cylinder (no coupling between the TE mode and the TM mode for perpendicular incidence). Equation (5.1) shows explicitly that the scattering coefficient of each cylinder is modified by the presence of the other. A(') (which is given in Section 2) represents the modification to the single-cylinder coefficient. The first term on the right-hand side of Eq. (5.1) (containing Eo) is identical to the single-scattering coefficient for cylinder j. We refer to it as such. The second term (containing A(') is due to multiple scattering. We may look at this second term as a correction to the zero-order scattering coefficient. The expression for A") includes a Hankel function, which results in the multiple scattering becoming unimportant, as it should, if the separation between the two cylinders becomes large. all) and a 2) then reduces to the correct expressions for the single cylinders at normal incidence.
The expressions for the scattering coefficients given by Eq. (5.1) are more general than those given by Olaofe, 8 because Olaofe's expressions are valid for only two dielectric, identical cylinders. Our equations cannot be put in a form such that they are identical to those given by Olaofe, because we use eiwt for the time dependence in our solution, whereas
Olaofe based his solution on the e-tiw factor. Consequently, our equations involve the Hankel function of the second kind, and Olaofe's equations involve the Hankel function of the first kind. However, we verified by numerical compari- Equations (5.4) and (5.5) are essentially those given by Wait." However, Wait expressed his results in terms of the modified Bessel function, which is related to the Hankel function of the second kind (which we used in our solution) as follows: (2) The scattering pattern of a single cylinder of radius a is the same whether the incident wave is planar or cylindrical if b/a > 10, where b is the distance between the cylinder and the source of the cylindrical waves (the radius of curvature of the cylindrical wave). ' 8 Therefore, for the two cylinders, the scattered field from one cylinder in the neighborhood of the other resembles a plane wave when d/aj >> 1.
Equations (5.6) and (5.7) reveal the fact that each cylinder is excited by the incident field and by the scattered field from the other cylinder. The first term on the right-hand side of Eq. (5.6) represents the zero-order scattering coefficient (the response of cylinder 1 as if it were by itself in the field). The second term represents the response of cylinder 1 to the scattered field from cylinder 2, which is E 0 sin 0oHO2)(Xod)ei6/H0(2)(Xoa2).
The signs justify further discussion. The first term represents a direct excitation from the incident field; therefore the scattered field suffers one reflection (scattering), which explains the minus in that term. (The zero-order scattered field from cylinder 1 is out of phase with the incident field in the neighborhood of cylinder 1 apart from the phase that is due to the complex scattering coefficient). The second term represents indirect excitation of cylinder 1 (the incident field hits cylinder 2 first and then cylinder 1). Therefore the wave suffers two reflections (scattering), which explains the plus in that term.
Ho 2) (Xod) in the second term takes into account the strength of the scattered field from cylinder 1 in the neighborhood of cylinder 2, as well as the phase of the wave.
Careful examination of the argument of the Hankel function of the separation reveals the fact that it represents the phase difference between the incident field and the zero-order scattered field from cylinder 2 in the neighborhood of cylinder 1. (The phase factor in the Hankel function is due to the cylindrical character of the wave, and it has nothing to do with the scattering process.) A similar discussion also applies to Eq. (5.7).
C. Perfectly Conducting Cylinders
The case of perfectly conducting cylinders does not appear Equations (5.8) and (5.9) are general equations for the case of perfectly conducting cylinders and may be used for any separation. The scattering coefficients for perfectly conducting cylinders at oblique incidence are simpler than those for the perpendicular incidence of an arbitrary material. In the former case, the scaling technique may be used (replace ko with ko sin 0), whereas this simple scaling technique cannot be used in the latter case.
The first term on the left-hand side of Eq. (5.8) or (5.9) represents the zero-order scattering coefficient of cylinder j (j = 1 or 2), and the second term represents the multiple scattering coefficient (the interaction) between the two cylinders.
Numerical results for the scattering amplitude as a function of the observation angle in the far-field region were compared with those obtained by Ragheb and Hamid at normal incidence 6 ; a perfect agreement was obtained.
D. Single Cylinder
We permit the scattering coefficients of the second cylinder letting the scattering coefficients of the second cylinder be zero, is equivalent to letting the radius of the second cylinder be zero. This case cannot be studied numerically because of the singularity of the Hankel function. In order to study this limit numerically, we instead let the separation between the two cylinders become large. The scattering coefficients of two independent cylinders (noninteracting cylinders) were obtained. These results were compared with Eqs. (10) and (11) and we found exact agreement (the two curves are indistinguishable). Also, we found that the cross-polarized components of the scattered field are equal to each other and that they vanish in the forward and the backward directions, as they should for a single cylinder. In the same way, we were able to verify the results obtained by Lind and Greenberge agreement. An alternative method to obtain the calculations for a single cylinder is to let the refractive index of the second cylinder be the same as the medium outside the cylinders. The validity of this method was also verified. The details of these comparisons and derivations can be found in the doctoral dissertation of Yousif. terms of the scattering coefficients from which the scattered fields, the cross sections, and the Mueller scattering matrix elements (Sij) are constructed by using fundamental principles of electromagnetic theory.
In order to derive the scattering coefficients, the solutions of the wave equation inside and outside each cylinder are constructed, and the boundary conditions are applied at the surface of each cylinder. The effective incident field upon one cylinder includes not only the plane-wave incident field to make the solution an exact one but also the scattered field from the other cylinder. This solution is exact, as expressed 
